NONSTATIONARY POTENTIAL FLOW OF A POLYTROPIC
GAS WITH DEGENERATE HODOGRAPH

(0 NESTATSIONARNYKH POTENTSIAL’ NYKH DVIZHENIIAKH
POLITROPNOGO GAZA S VYROZHDENNYM GODOGRAFOM)

PHM Vol.23, No.5, 1959, pp. 940-943

A. F. SIDOROYV
(Chelyabinsk)

(Received 8 August 1958)

We shall consider the nonstationary potential flow of a gas, assuming a
polytropic equation of state. For this case, the velocity components g,
Uy, Uy in Cartesian coordinates Xy, Xy. X5 and the square of the velo-
city of sound € satisfy the equations

Ou, du,; 98
\ i -
T *‘Ebukaxk*‘xggg"e(iul‘ma) (Euler’s equations) (1)

a6 L
x—— + 8).169: 2‘”‘ 5, =0 (continuity equation)

rot w = 0 (potential condition),

Here k = 1/(y — 1) and y is the adiabatic index. The solution of the
system of equations (1) gives a travelling wave of rank r if the rank of
the matrix 4

Juy  duy  Ouy  Guy
bz, 0Bz2 Bzy Ot
A=| .« . ... (2)
a6 09 a9 09
Bz, Oz Oxs Ot

is equal to r, for a given solution T1]. Nikolsky, with the help of s
*ranking function® A which he introduced, investigatéd functions of the
second rank,

Vius, u2)=2ukzk——<p (3)
k

for the case of potential, stationary flows (here ¢ is the velocity po-
tential). He obtained the differential equations for the functions A and
i, assuming that uy = Y(u,, v,). Ryzhov {21 investigated double waves in
the case of potent1a1 nonstationary flow. In reference [1 ] double waves
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in two dimensions were studied, without assuming the flow to be potential,

In the present note we investigate triple waves (waves of rank 3) for
the case of three-dimensional, potential, nonstationary flow, by intro-
ducing the "ranking function® (“1' Uy, Uy, t).

We shall first consider the general case, for which @ = G(ul, 8y, ua)
and 4y, u,, uy are functionally independent; the case u, = ¢(u1, uz) will
be considered later,

Since the flow is potential, we have Cauchy’s integral

%(% + % (us® + ug® + ug?) + x0 = F (1) 4

where F(t) is an arbitrary function of time, and

99 .
e =u; (=129 (5)

Next we introduce the function A defined by

V:Zxkuk-—xtﬂ—-q: )
k
and write its total differential
fi o0
47 = (@, — x16,) du, — [ 22 e) - 9
v g}(k e R L (7

Thus A is a function of Ug, Uy, Uy, and ¢, its partial derivatives
being as follows:

o7
"a'-a;- = — Xte.i’ —at—-

AV ke — %8

==y (8)

Making use of equation (4), the second equation of (8) may be written
in the form

(ua? + ug® + ug?) — F (1) (9

v _1
a2

Integrating (9) with respect to ¢, we obtain

i
V=5 (® -+ ue® + ug®) o+ @ (u, ua, ug) + F(2), F7 () =— S F(ryde (10)
where Q(ul, u,, u3) is some function, undetermined so far,
We put‘b(ui, u,, ¥3) in the form
i

@ (uy, ug, ug) = - (11® -+ ug? + ug?) - wII (ug, ug, ug) {11

and differentiate (10) with respect to u. Then the first equation of (8)
may be presented in the form
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aIl .
x; = wlly + uy b (6 4 uy), Hi="a—u' (12)
i
Euler’s equation of motion will be satisfied if Cauchy’s integral holds,
and it is necessary only to satisfy the continuity equation. Using the

equations
89 duy, 8 Guy
= = = == 8, 13
at ;8&. gt ? dz; geﬁ dx; 13

and substituting Buk/at from Euler's equations, we put the continuity
equation in the form

du,
DA a_x“,f' =0 (A =00 — %30,8,) (i, k=123 (14)
th

Let
A:M#o (15)

D (uy, ug, us)

in some region of Xy, %y, xy, t Then, carrying out the hodograph trans-
formation between the variables Uy, Uy, Uy and X1, %, %3, in equation
(14), we will have, for fixed ¢,

ox ox

m Rl m, n+ek, man)

itk du,  Ouy
%AikLik =0 (=129, Lyp=(—1 dz,, Oz, o
5—“'; ‘é;‘q‘ (p, g1, p<q)

From (12) we obtain
oz, J2 926
1 = —
T, et St EOByt B e = = O = gz, an
where Sik is the Kronecker symbol.

With (17), equations (16) may be put in the form
Fo+ Tyt +Tat?=0 {18)

where fb, fl, I, are functions only of u, Uy, U

Since equation (18) is valid for arbitrary values of ¢, we conclude
that
' =0 (i=0, 1, 2) (19)

1

in which the expression for Fi is as follows:
r; =N AuLi (i=0,1, 9
ik
where
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o i+ mep + Smp uﬂnp + Bﬂp

1 xIImq + amq 'X.an + 8'nq
Ll_(_“H*“u pt Omp ﬂ%p+3w'+'wmf+%ﬁ ®pp + Bnp ||
i { I I Y w0+ Vg ®g o+ By }

xOmp + Smp xenp + Bap
xemq + qu xenq + 3,4

and in all relations we have m, n# &k, o< n; p, g# i, p< qu

Ly?= (— )™

The equation r} = 0 is a nonlinear, second order partial differential
equation for the function 6. It may be posed as the Cauchy problem, or,
analogously to the problem posed in reference [1) as a Goursat problem
with two arbitrary functions of two variables.

Without posing any definite gasdynamic problems and without invest-
igating, in the present note, questions of uniqueness of solutions, we
note that, after the function 0 is found, the system of equations rb =
and r& = 0 (in which the function Il appears) is compatible, and has, for
instance, the solutions

Nn=6064+ chuk + C {¢; = const, € = const) (20)
k

In the solution of a definite gasdynamic problem, it is necessary,
after determining the function 6, to find the function Il which satisfies
the two equations rb = 0 and rl = 0, and the particular conditions of the
problem, in order to obtain a unique solution.

After determination of the functions Il and 6, the flow in the «x
%y, t plane is found from equations (8).

1° 121

We note that a completely analogous application of the method in the
two-dimensional case leads to two differential equations for the functions
® and 6, which are identical with the equations obtained for that case in
reference [11].

Next we examine the functional dependence ug = ¢(u1, "2)' We introduce,
as before, the function A, but with a more restricted dependence on ¢:

V=2uk:ck—-q> (21)
k
Taking the total differential, we find that A is a function of Uy, Uy, t
AV o7 kd o .
5—; =, + ‘Pil‘:s, ot - o ‘pi = ou; (i=1,2) (22)

Using relation (4) and also the relations
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du 927
T Ta,  gtom, (23)

which follow from the second equation in (22), we calculate the deriva~
tives 86/6‘:1., d8/dt, 833f8z~ and put the expressions for them in the

1
continuity equation, This then takes the form

Here
Ry, Ry =—2 (az G ‘Wz;) {% —uz— Wﬂ) + 2041
R, = (dj‘a'f —ua— )+ 801+ )
0= i—[F(t) +%7— ~—i—(u1"‘+u22+ ¢2)]

In equation (24) we carry out the hodograph transformation for the
pairs of variables Uy, U, and s % Let
_Diwy, ze) _
D(ull u?)

in some region. We exclude the case A = 0, Differentiating the first
equality in (22) with respect to ug, Uy, for fixed %3, t, we find the ex~
pressions for Ox. /auk (¢, k=1, 2). Then, after carrying out the trans-
formations, equations (24) may be put in the form

TQ —+ T}Z‘g -+ Tgl'sz =0 (26}
where Tb, Tl, 7} are functions of Uy, Uy, t.
Since xq is arbitrary, it is necessary that Ti =0, { =0, 1, 2, the
expressions for T- then become as follows:

oY 8 | BV Y ﬂﬁ&)_
T] = RQ 6&1‘ auz augzm - aulauz a“lau2

R Y ¢
— Riz—3 Bug +(Ry+ Rg) 53— - O — R, Gunt = 0 (27}
rety 8. v a7 YA "V
To= Ry Laul‘l Jug® (aulau,) } + B dus® (Ra + Ry) du1dug + R duy? =0
ory 9t [ 8%
TB = Ru [aulz 6u2 \aulaug) ] =0 (28)

Equation (28) allows two possibilities. Let us consider the first case
a7
Ry=F' () + 3z =0

Hence
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0
F(t)-{* ’EVZVSA (u;, ua), V:::A(ul, ug)t+X(u1, ug)wSF(l)dt (29)
where A and x are certain functions.

In this case equations (27) will give three third order equations for
Y, A, and ¥, which are the same as the system obtained in reference {21,
and which describe double waves,

Let us consider the second case:

9%y _"’i‘l’_..( 9 )2= 0 (30)

du;? du,t Ouy dug

Equation (30) is the equation of developed surfaces, 1f cylindricsal
surfaces of the form f(u;, u,) = const are excluded. In this case
A (“1' Uy, t) has to satisfy equations (27), and it is necessary, general-
ly speaking, to investigate their compatibility for a chosen i,

We have an example, for which these two equations prove to be com~
patible and new flows are obtained. Specifically, consider a flow with

§ = ayuy + dgug + g {2; = const)
The equation T1 = 0 is automatically satisfied for such a flow., For

A (uy, uy, t) there is left one equation, Ty = 0, with ¢& =a, ¥ =a,
as its coefficients,

We also note that all the flows investigated have straight character-
istics in the 2. %, %3, t plane, as follows from equations (8) and (22).

In conclusion I wish to thank my scientific adviser, N.N. Ianenko, for
his valuable critical comments.
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